Institut Polytechnique de Paris

Graph Learning with /;-norm and
SLOPE Penalties

Abstract

Estimating sparse conditional dependence graphs from multivariate obser-
vations is a central problem in Gaussian graphical models. The graphi-
cal lasso(Least Absolute Selection and Shrinkage Operator) is a prominent
method for recovering a sparse precision matrix from node signals through a
penalized log-determinant optimization problem. The choice of penalty has
a direct impact on the reconstructed topology. In this study, we compare
three sparsity regularization: the classical ¢; penalty used in graphical lasso,
the ¢y penalty, and the SLOPE penalty. Experiments are conducted on both
synthetic datasets and on the S&P500 real dataset. On synthetic data, both
methods show highly competitive performance. SLOPE based methods is
particularly less sensitive to parameters. On the S&P500 dataset, Lasso
and SLOPE based methods yield very strong ability to recover the topology
structure, while £y based method encourage a more sparse recovering. Inter-
estingly, our results indicate that the SLOPE and ¢, based methods yields
the highest F-Score and the highest modularity receptively.
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1 Introduction

Graphical models allow us to represent specific correlation structures between any two
variables of observations. Inferring the topology of this structure directly from the data
is referred to as graph learning [1]. The graph learning approach has been widely used in
different applications, such as biology [2-4], finance [5], and signal processing [6, 7].

Within Gaussian graphical models (GGMSs), graph learning boils down to the problem
of estimating the precision matrix, which is the inverse of the covariance matrix of a
Gaussian Markov random field [8, 9]. In practice, achieving an accurate covariance matrix
estimation is often a difficult task. The estimator is typically unsatisfactory or ill-defined
when the number of observations approaches the number of nodes [10], i.e., in the high-
dimensional case. In particular, when the number of observations is smaller than or close
to the number of nodes, the sample covariance matrix becomes ill-conditioned, and its
inverse is unstable or may not exist.

The classical solution to the above issues relies on the application of penalized likeli-
hood estimators [11]. Another possible route is to directly penalize the number of graph
edges, as in the Akaike Information Criterion [12] or the Bayesian Information Crite-
rion [13]. As discussed, e.g., in [14], when the number of variables becomes large, AIC
and BIC can lead to many false recoveries and need to be replaced by criteria that ac-
count more carefully for model dimensionality, such as the modified Bayesian Information
Criterion [15, 16] or the Extended Bayesian Information Criterion [17]. However, identi-
fying the model that maximizes a given model selection criterion is NP-hard. Therefore,
a penalty is often added directly to the objective function.

The ¢y and ¢ penalties are popular sparsity-inducing penalties in a wide range of sta-
tistical problems. The ¢y norm was first proposed to solve minimum set cover problems
in [18] and was extended to signal processing by [19]. The ¢; norm is another popular
penalization. It was originally employed by [20] in geophysics and by [21] in the context
of signal processing. In [22], the ¢; penalty was introduced into statistics through the
well-known Least Absolute Shrinkage and Selection Operator (LASSO) for variable se-
lection in regression models. The first application of LASSO to sparse inverse covariance
estimation was proposed by [23] as the neighborhood selection method. Subsequently,
in [8] the graphical lasso (Glasso) was proposed, where the ¢; penalty is used directly in
the penalized likelihood. Then several generalizations of LASSO were proposed to solve
different problems. Elastic Net [24] relies on a linear combination of ¢; and /5 penal-
ties and encourages the inclusion of groups of correlated predictors. Another extension
of LASSO is SLOPE [15], in which the absolute values of the parameters are sorted in
descending order.

More recently, in [25], SLOPE has been applied to Gaussian graphical models. Simi-
larly to the neighborhood selection version of graphical lasso, that method relies on the
application of SLOPE to a system of multiple regression problems and has been given
the name Neighborhood Selection Sorted L-One Penalized Estimator (nsSLOPE). In this
report, we follow the path of Glasso and directly apply a SLOPE penalty to the penalized
Gaussian log-likelihood. Moreover, we compare Glasso, the SLOPE penalty, and the ¢,
norm on both synthetic and real datasets. We observe that SLOPE and ¢, demonstrate
competitive ability to recover graph structure on both synthetic and real-world data.



2 Background

2.1 Gaussian graphical models and Glasso

We consider an undirected, weighted graph represented by G = (V,&, A), where V =
{1,2,...,p} denotes the set of vertices (nodes), & C {{u,v} : u,v € V, u # v} denotes
the edge set, and A is the adjacency matrix of the graph. Denote by x; = [z1,...,2,]"
one observation vector over the p nodes. The data matrix is then denoted by

X = [x1,X2,...,X,] € RP*™,

with x; € RP being one observation of a graph signal on all the p nodes, as shown in
Figure 1.
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Figure 1: Signals at each node (data matrix X) and conditional correlation graph G =
WV, EA).

Gaussian graphical models assume that each observation is a centered multivariate
Gaussian random vector x = [z1,Ty,...,7,]" with covariance matrix E[xx'] = X, de-
noted by x ~ N(0,3). For the corresponding Gaussian Markov random field, an undi-
rected graph is matched to the variables as follows: each variable corresponds to a vertex,
and an edge is present between two vertices if the corresponding random variables are
conditionally dependent given all others [26, 27]. The support of the precision matrix
© = X! directly accounts for this conditional dependency, since

Oy

corr|[2g, T | X1 any] = —\/j- (1)
@qqgll

In this case, a non-zero entry ©, implies a conditional dependency between the vari-
ables z, and z;, underlined by an edge between vertices ¢ and [ of the graph.

Within Gaussian graphical models, graph learning is therefore tied to the problem of
estimating the precision matrix ® from the data matrix X. The sample covariance matrix
is defined as

1 n
S=->"xx/. (2)
iz
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A standard approach is to resort to regularized maximum likelihood estimation with
© constrained to be positive defined, i.e., ® € S; * . which is equivalent to solving the
following optimization problem:

max logdet(®) — tr(S®) — Ah(©), (3)

ecs,
where h denotes the penalty term and ) is the associated tuning parameter. If the ¢;

norm is applied, that is
h(®) = [|O]1,0 (4)

In this case, it yields the well known Glasso estimator. Many other penalties can
also be used, such as the ¢y and SLOPE norms, both of them promote sparse topology
structures. In the next section, we will detail possible choices for h(®).

2.2 Definition of different penalized problems

The ¢y and SLOPE penalties are widely used to find sparse approximate solutions for many
problems, and they are well known in best subset selection problems in statistics [28].
Recently, they have also been applied to sparse inverse covariance estimation [29]. In
this section, we define Gaussian graphical models penalized respectively by ¢;(denoted
Glasso), by SLOPE (denoted Gslope) and ¢y (denoted GIO).

Glasso problem definition

As mentioned in the previous section, Glasso is nowadays widely used for estimating
sparse inverse covariance, especially for recovering the topology structure. As defined in
equation (4), the classical log-likelihood problem is penalized by h(®). If the penalized
item is set to the ¢; penalization, then it is called the Glasso problem.

max logdet(®) — tr(SO®) — A||O|| 1.0 (5)

ecstt

Gslope problem definition

The graphical model based on the SLOPE penalty, denoted by Gslope, was introduced
by [11]. The penalty is applied directly to the Gaussian log-likelihood. Similar to Glasso,
Gslope replaces the ¢; norm by the SLOPE penalty on the precision matrix ©. In order to
do this, the upper triangular part of ® is vectorized, which creates a new vector @ € R™,
where

-1
0= VeCup<®) = [@172, RN @1,p7 @2,3, ceey @2,1)7 R @pfl,p]—rp m = p(p2>

We then define the sorted absolute value vector

0 =sort([0]) = [01,.... 00", O >- >0, >0

I(©) = a(0) = - \.G. (©

each of the absolute values of 0 is assigned a specific tuning parameter such that A\; >
ttt Z Am Z 0.



Building on the penalty defined in (6), Gslope solves the following optimization prob-
lem:

max logdet(®) — tr(OS) — hy)(0), (7)
ecs;t
where S is the sample covariance matrix defined in (2).
Just like Glasso, Gslope is a convex optimization problem that can be solved efficiently.
In Section 3.3, we provide a detailed formulation to solve Gslope using the Alternating

Direction Method of Multipliers (ADMM) [30].

GI10 problem definition

Another natural sparsity-promoting penalty is the so-called ¢y penalty. In Gaussian graph-
ical models, sparsity is imposed on the precision matrix rather than on the data matrix
itself. For a precision matrix @ € St , | the off-diagonal ¢y penalty is defined as

1©llo.0r = >_L(©:; # 0). (8)
i#]
where the item 5,.;1(©;; # 0) indicates the number of all non-zero items. Then the
ly-penalized log-likelihood problem is defined as

max logdet(®) — tr(©S) — A||O||p of (9)

@cs;t

where A > 0 is a tuning parameter.

3 Methodology

The Alternating Direction Method of Multipliers (ADMM) is a simple but powerful al-
gorithm well suited to distributed convex optimization [30], in particular for problems
arising in applied statistics and machine learning. It was originally proposed by [31] and
later extended to sparse covariance estimation problems by [30]. It can be viewed as a
decomposition—coordination procedure, in which the solutions to small local subproblems
are coordinated to solve a larger global problem.

In this section, we describe how ADMM worked and then how this algorithm is applied
to the three models considered in this report: Glasso, Gslope, and Gl0. We start from
the generic penalized log-likelihood problem in (3), in which the penalty h(®) changes
according to the estimator considered.

3.1 The alternating direction method of multipliers(ADMDM)

We now consider the opposite problem defined in equation (3). The three graphical models
considered can all be written under the unified form

min —logdet(®) + tr(S®) + h(O) (10)

@cs,; Tt

where h(®) denotes a penalty term.



To apply the Alternating Direction Method of Multipliers (ADMM), we introduce an
auxiliary variable Y and rewrite (10) as

min - — logdet(®) + tr(SO) + I[®© > 0] + h(Y)
st. ©=Y.

(11)

The augmented Lagrangian associated with (11) is given by
£,(©,Y.U) = —log det(8)+tr(SO)+[O » 0)+h(Y)+£ [0-Y+U [}~ |U 7, (12)

where U is the scaled dual variable, p > 0 is the ADMM penalty parameter and || - ||z is
the Frobenius norm.
Using the scaled dual variable U, the ADMM iterations take the unified form

©*+) — arg min {— log det(®) + tr(S®) + gH@ —Y® 4 U(k)HQF} : (13)

@csS;t
Y0 = arg min {h(Y) +2jet —y + U<’f>||§} , (14)
U(k+1) — U(k) + @(k’-i—l) . Y(k?-i-l). (15)
The update of ® admits the same closed form for the three models. Define
AF) — p(Y(k) _ U(k)) - S (16)
we can apply the decomposition of the eigenvalue to A
AW = Qdiag(dy,...,d,)Q". (17)
Then
di +\/d} +4
O+ — Q diag (2p) Q. (18)
P

The concrete algorithm is shown in Algorithm 1.
The model dependent proximal step Py, is detailed in the following subsections.

3.2 Solving Glasso with ADMM

The ADMM algorithm has been successfully applied to the Glasso optimization problem,
and its general form can be found in [30]. Specifically, the Glasso problem solves

min  —logdet(®) + tr(SO) + \||O|]1, (19)
ecstt
where
1©]r = >_ 6]
i#]

is the off-diagonal /; penalty and A > 0 is the tuning parameter.
Within the unified ADMM scheme above, the model dependent penalty is

WY) =AY | (20)

This formulation is classical and described in detail in [30].
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Algorithm 1 Unified ADMM solver for Glasso, Gslope and GI0

Input: sample covariance matrix S, model M € {GLASSO, GSLOPE, GLO}, penalty pa-
rameter 7, ADMM parameter p > 0, tolerances €pyi, dual
Output: estimated precision matrix )
1: Initialize ©© =1, YO =1, U® =0
2: for k=0,1,2,... do
3 AW« p(YW —UW) — 5
4: Compute the eigendecomposition A® = Qdiag(d;,...,d,)Q"

d; ++/d? + 4
O+  Qdiag (p) Q"

2p

5:

6: W — @kt L Uk
7: Yigkﬂ) — I/Vl(zk) for all 4
s Y Pu(Wiino)

9: U+  yk) 4 Ok+1) _ y(k+1)

10:  if [[@*+D Y& | L < e sand p||[YEH) — Y| p < 441 then
11: break

12: end if

13: end for

14: return © « O*+1)

3.3 Solving Gslope with ADMM

The ADMM formulation for Gslope is discussed in [11]. We also consider to start from its
opposite problem, i.e., the minimization problem, the constrained reformulation is (7):

min  — logdet(®) + tr(©S) + 1[O > 0] + h\(Y),
ey (21)
st. ©@=Y.

Within the unified ADMM scheme above, the model dependent penalty is

Accordingly, the update of Y is obtained from the generic step (14) by setting h = h,.

In our implementation, we also compare another strategies associated with the penalty
parameter p: an adaptive-p version ADMM, which is called Hybrid in [32]. Tt adjusts p
according to the usual primal and dual residual balancing rule,

increase p, if ||[r® || > ||s®|], (23)
decrease p, if ||s®] > ||r®|,
where the primal and dual residuals are defined as
r® = @k _y®), k) — p(Y(k) _ Y(k—l)). (24)

3.4 Solving GI0 with non-convex ADMM

Although the £y norm is natural, easy to understand, and intuitive to implement, its lack of
convexity and its computational cost have limited its use in sparse maximum likelihood
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estimation [29]. Many algorithms have been proposed to solve fy-penalized problems.
The package E10ps [33] is a recently proposed solver for ¢, problems; however, due to
its structural assumptions on the original objective, it cannot be directly applied to the
Gaussian graphical model log-likelihood estimation problem, as discussed in the Appendix.
In this study, we consider a non-convex ADMM formulation, which can efficiently handle
the (p-penalized log-likelihood problem. A related approach is discussed in [34].

By introducing an auxiliary variable Y, the log-likelihood estimation problem in (9)
becomes

glilrfl —logdet(®) + tr(©S) + A[|[Y oo st. O =Y. (25)
Within the unified ADMM scheme above, the model dependent penalty is
07 < Y . .
MY) =AY oo, VAV = { WISV )
VVZW | ij| > 2)‘/ P

while the diagonal entries remain unchanged, it facilitates computation.

4 Datasets

4.1 Synthetic dataset

For a fixed dimension p, we consider four standard random graph models described in
Table 1. Given a sampled support of the graph, weights of the edges are sampled from
a uniform distribution (2,5), which yields a symmetric weighted adjacency matrix A
for each random graph. Figure 2 shows examples of sampled graph structures and their
adjacency and Laplacian matrices. The Laplacian matrix of the graph is then used to
construct the precision matrix © through the linear transformation

© =L + kI, (27)
where L = D — A is the Laplacian matrix and x = 107! is used so that © is non-singular.
A total of n samples are drawn for each graph model. In the final experiments reported
here, the density generator is a zero-mean Gaussian distribution.

Graph Model Edge Weights | Probability | Neighbors | Radius
Barabasi-Albert U(2,5) - - -
Erdos—Renyi U(2,5) 0.1 - -
Watts-Strogatz U(2,5) 0.1 5 -
Random geometric U2,5) - - 0.2

Table 1: Four graph models used for numerical experiments.

4.2 S&P500 index dataset

After the experiments on synthetic datasets, we conduct experiments on real-world finan-
cial data to evaluate the performance of the different penalties. The dataset consists of
p = 30 stocks selected from the S&P 500 index over the period ranging from January



Barabasi-Albert graph Erdos-Renyi graph Watts-Strogatz graph Random geometric graph

laplacian laplacian laplacian laplacian

Figure 2: Four graph structures used with p = 50 and associated adjacency and Laplacian
matrices.

2018 to July 2018. This time span yields n = 200 daily observations for each stock. The
data are represented by a matrix of log-returns, defined entry-wise as

Xi,j = IOg Pz',j — log Pi,j—l; (28)

where P;; denotes the closing price of the i-th stock on day j. The p = 30 stocks are
grouped into three sectors: Utilities, Materials, and Health Care. The ground-truth sector
labels are obtained according to the Global Industry Classification Standard (GICS). The
illustration of this dataset is in figure 3.

400 Sectors Sectors
—— Health Care —— Health Care

— Materials 8] — Materials
— Utilities — utilities

Stock prices
Log-Return of Stock prices

100
-4

0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
Days Days

Figure 3: An illustration of S&P500 dataset. Left: Original stock price. Right: Log form
of stock price.



5 Experiments and Results

For a given setup, different graph learning algorithms are applied to the input data X.
For a meaningful comparison on the synthetic datasets, we evaluate the receiver operating
characteristic (ROC) curves obtained from edge scores derived from the estimated preci-
sion matrix. The ROC curve displays the true positive rate (TPR) as a function of the
false positive rate (FPR). Here, the TPR denotes the ability of the algorithm to recover
actual edges, whereas the FPR accounts for the false discovery of non-existing edges. The
ROC curves are obtained as follows: we first compute the conditional correlation coeffi-
cients as shown in (1); then given these coefficient estimates, a ROC curve is obtained
by varying the threshold tol, i.e., the edge (4, j) is considered active whenever |©;;| > tol.
The displayed main ROC curves are based on 50 Monte-Carlo experiments.

5.1 Results on synthetic dataset

For each synthetic graph, we compare the ROC curves for different numbers of observa-
tions n, while fixing p = 50 and varying n € {2p, 5p, 8p, 10p}. The parameter A for the
different methods is selected by continuous cross-validation over a bounded interval. The
table 2 shows how the parameter is tuned.

Model A Interval

Glasso (0.1, 10]
Gslop(ADMM, Hybrid) | [0.01, 10]
GI0 [0.01, 10]

Table 2: The Tuning interval for each model

. all - Barabasi-Albert graph | CV | n=500=10p
all - Barabasi-Albert graph | CV | n=100=2p

1.0 9
1.0 4 4
0.8 1
0.8
2
5 =
& 0.6
= 0.6 4
© >
= =
= 0
g &€
o -
w 0.4 o 0.4
= =
= =
0.2 0.2
' — Glasso (AUC=0 98+0.0075) P = Glasso (AUC=1.00+0.0010)
Gslope(Hybrid) (AUC=0.98+0.0053) Gslope(Hybrid) (AUC=1.00£0.0013)
. —— Gslope{ADMM) (AUC=0.980.0054) ," Gslope(ADMM) (AUC=1.00+0.0013)
004 ¥ — LO(ADMM) (AUC=0.93+0.0193) 0.0 4 = LO(ADMM) (AUC=1.00+0.0065)
T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
False Positive Rate False Positive Rate

Figure 4: ROC curves for the Barabasi—-Albert (BA) graph after parameter tuning with
n = 2p(left) and n = 10p(right). The ¢y norm performs better when FPR is low. Both
Gslope and ¢y demonstrate a competitive recovery ability.

From Figure 4, both proposed methods, Gslope and ¢,, demonstrate competitive abil-
ity to recover the topology structure. In particular, the ¢y penalty performs better at
small FPR when n is small (2p and 5p). Overall, when n is low, all methods show a
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more moderate performance than in the larger-sample regimes. With n increasing, the
performance gap between the proposed methods and Glasso becomes thinner.

Figure 5 shows the robustness analysis of the different methods with respect to the
tuning parameter. Overall, /; appears to be the most sensitive to parameter changes,
while Glasso is also sensitive but to a lesser extent, Gslope is the less sensitive comapred
with other two. As n increases, all methods become less sensitive, which indicates a more
robust performance.

Similar results are observed for the three other synthetic graph families. The corre-
sponding results are reported in the Appendix due to space limitations.

5.2 Results on real-world dataset

For the S&P500 dataset, we evaluate the performance of the proposed methods on a
stock clustering task, with the objective of recovering the three underlying market sectors.
Clustering performance is assessed using modularity (MOD). Additionally, edge detection
performance is evaluated through the F-score (FS), defined as

B 2 TP
~ 2TP+FP + FN’

where TP, FP, and FN denote the numbers of true positives, false positives, and false
negatives, respectively. The F-score takes values in the interval [0, 1], with FS = 1 indi-
cating perfect recovery of the underlying proxy graph structure. In this evaluation, the
ground-truth graph is assumed to contain edges only between stocks belonging to the
same sector. The parameter tuning on the real-world dataset follows the same practical
optimization procedure as on the synthetic dataset.

From figure 6 and 7, Glasso presents the best overall clustering performance with the
fewest false edges. The two Gslope implementations show almost the same results and
are slightly worse than Glasso, with a larger number of false edges. The ¢y estimator
shows the most distinctive behavior: there are almost no false edges, but some correct
edges are also suppressed. This may be due to the stronger sparsity induced by the
ly penalty. This indicates that the ¢y penalty tends to reduce the false-positive ratio.
Overall, the Utilities sector is more separable from the two other sectors. However, the
Health Care and Materials sectors tend to be mixed in this case. This may be because
the companies in the Materials and Health Care sectors are more highly correlated in this
time period. Notably, AMCR does not appear correlated with any other company for any
of the considered methods.

FS

(29)

6 Conclusion

In this study, we investigate two alternative penalty terms for topology recovery in Gaus-
sian graphical models, namely the SLOPE penalty and the ¢y penalty, and compare them
with Glasso. Gslope and GIO are designed for estimating Gaussian graphical models with
SLOPE and ¢, penalties respectively. We use ADMM to solve Gslope and a non-convex
ADMM scheme to solve G10. We also implement continuous parameter tuning strategies
for both methods. Experiments are performed on both synthetic datasets and a real-
world dataset. For the synthetic datasets, our results show that both proposed methods,
Gslope and GIl0, demonstrate competitive ability to recover the graph topology. The
sensitivity analysis shows that GIO is particularly sensitive to the tuning parameter and
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that this sensitivity can be mitigated by increasing the number of observations. For the
real-world dataset, all three considered methods show the ability to separate the Utilities
sector, while the Health Care and Materials sectors remain difficult to distinguish for all
methods.

Concerning future work, GI0 shows tendency to suppress the false-positive ratio, i.e.,
GIO tends to return a highly sparse structure with a reduced number of edges, which
deserves further investigation. Although non-convex ADMM can solve GIO efficiently, it
remains computationally costly. A more efficient algorithm may therefore be considered
in the future. Overall, this study highlights the relevance of both SLOPE and ¢, penalties
for promoting sparse precision matrices in topology recovery.

7 Appendix

ElOps cannot be directly applied to GGMs log-likelihood estimation.

Although E10ps is an efficient solver for ¢, problems, it cannot be applied directly to the

Gaussian graphical model log-likelihood estimation problem. There are two main reasons.
First, E10ps assumes that the problem is formulated as

d
min f(AX) + Allxllo +>_ (i),

=1

where x € R? is an unconstrained variable, whereas in Gaussian graphical model log-
likelihood estimation the optimized variable ® € S, is required to be positive definite.

The second reason is the most important one: every entry in the gradient of the term
log det(@®), namely —©~!, depends on the full matrix ®. Hence the likelihood is not
separable by coordinates, which is contrary to the structural assumptions required by
ElOps.

Another idea would be to decompose ® into blocks so that E10ps could be applied
block-wise, but such a strategy would make the computation substantially more complex
than the non-convex ADMM approach considered here.
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ways but we oberserve that Glslops is less sensitive.
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(c) Gslope(Hybrid) (d) Glo

Figure 6: Results of clustering for Glasso (upper left), Gslope with ADMM (upper right),
Gslope with Hybrid(lower left), and ¢y (lower right), each displayed with its best param-
eter. Green stands for Utilities, red for Health Care, and blue for Materials.
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